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independent  of  < u t >  and  a  is  a  positive  constant  to 
represent  the  intensity  of  the  noise. 

In  the  next  section,  we  show  that  the  optieal  smoothing 
estimator  of  \>t  is  a  function  of  the  forward  and  backward 
filtering  estimators  of  u^.  In  Section  3,  we  cohere 
analytically  the  performance  of  the  optimal  nonlinear  filter 
and  smoother  in  a  special  case. 

2.  Optimal  Honllnear  Smoother  as  a  Two-Filter  Smoother 

In  this  section,  we  assume  the  process  lZt>  is 
observed  from  t  -  0  on.  Denote  by  u£  and  ut  the 

left-sided,  right-sided  and  two-sided  conditional  expects- 
tiona  of  ut.  l.«.  E(ut  I  zjl  ,  e(utUP)  and  E(utllJ), 
respectively,  where  T  is  a  fixed  time  span  (possibly  ), 

0  <  t  <  T,  t*  M*u»  s  <  o  <_  t)  and  Z*  S{Z#-Zts  t«s<T). 
Wonham  <  1 9 6 S }  ahowad  that  satisfies  a  stochastic 

differential  equation.  Me  can  easily  see  that  u*  must 
satisfy  a  revereed-time  stochastic  differential  equation 
of  the  seam  type.  Now,  the  following  proposition  tolls 
ua  that  the  smoothing  estimate  wt  of  pf  can  be  easily 
co^uted  from  knowing  and  u*. 

Proposition  2.1 

.  a*sha^j>-2paeijij) 

*  (l»uj) (l+uJ)-2P(v|>iiJ) 
i.e.  tsnh“*  wt  •  tsnh-1  ♦  tenh“l  £*  ♦  j  log 


In  particular,  whan  p  -  1/2, 

Pt  -  («{■  ♦  uj)/(l  ♦ 

i.e.  tsnh  *  tsith’^uj'  ♦  tsnh-1u* 

Proof  of  Proposition  2.1 

Denote  by  f  _(•)  (or  f  _Mu  •*!))  the  Radon- 
_T  _t  t 

*0  *0 

Nikodym  derivative  of  the  measure  on  C(0,T)  Induced  by 
T  T 

*0  *or  z0  COn<Htlcn*l  on  ut  •  si,  respectively) 
with  respect  to  the  Wiener  measure  on  ClO.Tl.  The 
existence  of  the  derivatives  Is  s  consequence  of  Cirsenov's 
Theorem  (see  (1),  Theorem  7.2).  Let  b  -  1  or  -1.  Usinq 
the  independence  of  z£  and  Z^  given  ut> 

Prl„t  -  T(tJlut-b)Prlut-b)/f  T(tJ) 

l0  *0 

«f  Tt*Jlut-b)br<yt»b) 
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'  f  T',.tl"t’b’Pr<ut"bl 
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So. 


Also, 


Is  independent  of  qt  given 


Therefore, 


c (> i  -  i  /  »l/2(i-i>'l/VJlIdirl 


by  Applying  Propositions  3.1  end  3.2  (A),  we  can  readily 
derive  the  formula  for  MSE(q^).  The  computation  of  its 
asys^totic  behavior  is  given  in  the  Appendix.  □ 

Me  may  also  compute  the  MSE  for  the  Miener  filtering 
estimate  of  and  the  best  linear  estlawte  based  on 

7m  . 
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MSE  w  :  MSE  for  the  Wiener  filterina  estimate  of  ut 
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Proof  of  Proposition  3.3 


Since  (w  )  is  time  reversible 


UqJ[vt»  -  Mqjlut> 


Now 


we  sre  reedy  to  compere  the  performance  of  the 
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various  eitiuto.  See  Table  3.1  for  the  summary  of  the 
aay«B>totic  results  on  their  HSE. 

he  mark  l As  y-0*.  the  linear  estimates  are  not 
efficient.  It  seems  that  in  non-Gaussian  systems  linear 
estimates  are  rather  inflexible  and  therefore  con  not 
perform  well. 

Remark  2:  As  y *  0* ,  the  optimal  smoother  is  more 
efficient  than  the  optimal  filter  by  a  factor  -log  *  . 
Thie  factor  is  about  <.9  when  y  -  0.001  (e.g.ci  •  -  -  0.1). 
Therefore,  when  either  the  nolle  Intensity  or  the  rate  of 
)uitp  of  the  states  is  low,  the  optimal  smoother  is  signif¬ 
icantly  better  then  the  optimal  filter. 

Remark  3i  In  finite-state  processes,  error  probability  is 
also  an  interesting  criterion.  In  the  following,  we 
present  the  error  probabilities  for  several  optimal 
decision  procedures.  We  consider  decisions  on  whether  uQ 
is  1  or  -1. 

( i )  Based  on  : 

An  optimal  decision  is: 

dL(x“.)  -  1  iff  Pr (Uq*1 I X®^>  »  J. 

The  error  probability  is 

•L  -  elrl  /  U*q)  U-q2^2•'2l,,l'q^,  dq 
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(ii)  Based  on 


An  optimal  decision  d  is 
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The  error  probability  is 
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T»bl«  3.1  Asymptotic  Behavior  of  Mean  Squirtd  Error*  fog  Various 
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Tfci»  couplet**  the  proof.  □ 
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